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2 Mathematical tools

2.1 Function

e 2.2 Limit of a function

e 2.3 Derivative of a function

e 2.4 Maximizing and minimizing a function with one variable

e 2.5 Maximizing and minimizing a function with multiple variables

e 2.6 Constrained optimization

o 2.7 Introduction to integration
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2.1 Function

Compare: y =x’—2and y? =x - 2 [1].

[An equation will be a function if for every element of a set x there is exactly one element of a set y [1].]

y
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> y()= % - This value is indeterminate [1].

3 _ I-1
y= 2L 5 vy =17

X x3-1 X x3-1
x-1 x-1
0,6 1,96 1,6 5,16
0,9 2,71 1,1 3,31
0,99 2,9701 1,01 3,0301
0,999 2,997001 1,001 3,003001
x3 -1 ox3-1
0,9999 2,9970001 = lim 1 =3 1,0001 3,00030001 — llmx-i =3
- x—1

x—1

[The limit of a function f{x) is L as x approaches p, which means that f(x) gets closer and closer to L as x moves closer and closer to p [1].]

lim X =2 > Limits can be still used though we know that 6/3 =2 [2;3].

-~

X—=62




1-I.IA.-_,
w P,
w £

HUMBOLDT-UNIVERSITAT

i‘eoauiﬁ'ﬂ ZU BERLIN
1 A
. )5 g
X y
1 1
2 0,5
4 0,25
10 0,1
100 0,01
1000 0,001
10000 0,0001

stays closer as x increases [3].
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2.2 Limit of a function

S Jlci_r)lrloof(x)=0 > f(x)—0 asx—> 0

100000 | 0,00001
—> f{x) tends to a real limit L as x tends to infinity if, however small a distance we choose, f{x) gets closer than that distance to L and

e fx)=x2 > f(x)—> o asx—>w > Jlci_r)l’loof(x) = o0
—> f(x) tends to infinity as x tends to infinity if, however large a number we choose, f(x) gets larger than this number and stays larger, no

matter how large x becomes [3].
f(x)— 0 asx—> -©

e f(x)=e* >
- f(x) has a real limit L as x tends to minus infinity if, however small a distance we choose, f(x) gets closer than this distance to L and
]

stays closer, no matter how large and negative x becomes [3].
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y
25 A - . .
y=ax+b ® A—y _ 2t —> the slope of a straight line.
X X, -
‘ A, (Xz; ¥2) 2%
change in y: Ay
6 -4 2 4 6
Al (Xl;y
changéin x: Ax
-25
. LAY 0,
y4+ how to find the slope at one particular point? ~Ax 0 °
_ . Ay v -y
A secant line — the line that cuts a curve. The slope of the secant line: "A Xy - X,
A tangent line - the line that touches a curve at the point and is somehow ‘parallel’ to the graph at that
point [4]. A
The slope of the tangent at A: lim 2Y
Ax—0 AX
/ ;
X
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Ya Ay f(x+AX) — f(x)
v = f{x) Slope of AjA, = "7 T AX
—> The slope of the tangent line is the limit of the change in the function divided by the change in
fx + the independent variable as that change approaches 0 [4].

fx) =
"x
f(x) = x2
o f(x + Ax) = (x + Ax)? = x? + 2X AX + (Ax)?
. B 2 2_x2 + 2
factn) ) MM DA
¢ since AX —0 2 f'(x) =2x
dy

=2
dx x
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e Derivative sum rule: (a f(x)+ bg(x))'=af'(x)+ bg'(x)
* Derivative product rule: (f(x) - g(x))"'=f"(x) gx) +f(x)g" (x)

f(x)}': £ () g) +f () g' ()
g(x) g’x

* Derivative chainrule: f(g(x))'=7"(gx)) g (x)[5]

* Derivative quotient rule:[

2.3 Derivative of a function

Example: find the derivative of function f given by f(x) = (x* - 3)(x> — 2x + 7).

»  Function f'is the product of two functions: D = (x> - 3) and E = x3 — 2x + 7
= the derivative product rule will be used.

" f(x)=2x(x3-2x+7)+(x*-3)(3x*-2)

" Expand: f'(x) = 2x* - 4x° + 14x + 3x? = 2x? - 9x? + 6 = 5x? - 15x° + 14x +6

Example: find the derivative of function f given by f(x) = \x5 + 6x — 3.

»  Function f'is of the form of square root of D with D = x° + 6x — 3 2 the
derivative chain rule will be used.
= f(x) =D/ 2\D
; (5x + 6)
)= 20X+ 6x-3

Function name Function | Derivative

f (x) f'(x)

Constant a 0

Linear ax a

Power x2 ax?l

Exponential ex e*

Exponential ax a*lna

Natural logarithm In(x) 1/x

Logarithm logy(x) |1/x In(b)

Sine sin X CoS X

Cosine COS X -sin X
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f X A
) * A necessary condition (first order condition): the condition is required, but the condition
alone might not guarantee the result.
)P * A sufficient condition (second order condition): the presence of the condition is enough to
/ guarantee a result.
- A necessary condition for a point to be the max or the min of a function: f'(x") = 0.
- A sufficient condition for a point to be the max of a function : f'(x*) < 0.

A o —> A sufficient condition for a point to be the min of a function : f'(x*) > 0 [6;7].
positive slope x X

negative slope

Example: Find the maximum and the minimum values of the function: f(x) = x3 - 12x - 2 on the interval [-1,4].

= f(x)=3x>-12
= A necessary condition: f'(x*)=0 -2 3x?>-12=0.
x?=4>x=2o0rx=-2

= Since -2 is not included in the interval:
x'=-121{x)=9
x'=22>f{(x")=-18
xX'=42>1fxH=14
» Hence, the minimum is -18 when x* = 2 and the maximum is 14 when x* = 4.
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Lagrangian method: L (x,y) =f(x,y) + Ag (X, y)
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Decision problem: n}ga}a}xf(x, Y) st.g(x,y)>0 -
’ \_,—J
(subject o) constraint
. dL dL
The equation system: — =0, — =0, g=0.
dx dy
Example: A consumer s preferences are given by the utility function U (x,, x,) = x,/? x,!?, where x, and x, are the consumed quantities of

goods 1 and 2. Prices of these goods are consequently p; = 4 and p,= 2. Consumer s income is normally limited: & = 120. Maximize

consumer § utility.
" max iy x,) Ulxy X)) st.4x;,+2x,=120

s L (x, x)=x/2x,2+M120-4x;-2x;)
x. 12 x 172
I 2

" Lx;(xpx) =§x1'”2x21/2-4/1=09,1= -
X2 x, 12
sz(x],xy :2—)511/2)(:2_1/2'2},:091: y
o x, 12 12 472 5 12
1 2 ey S = 2x

8 4
4x,+2(2x,) =120 Dx,=15 Dx,=30 D4(15) + 2(30) = 120
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Integration allows solving two types of problems [11]:

when the derivative of a function is known and there is a need to find the function = finding an indefinite integral;
one might need to calculate areas, for instance, between a curve and x-axis or specific ordinates = definition of the definite integral.

Definition of an indefinite integral [11; 13 ]

* Finding an indefinite integral relates to the process of reverse differentiation.
For instance, there is a given function f{x) and there is a need to find what function(s), F(x), would have f(x) as its derivative.

Let us consider the function F(x) = 2x?> + 6x — 4. The derivative of this function will be then f{x) = dF/dx = f{x) = dF/dx = 4x + 6.

differentiate
Which functions could possibly have 4x + 6 as a derivative? Certainly, the function

F(x) = 2x? + 6x — 4 will be the answer.
Jf(x) =4x+ 6. = If the derivative of F(x) is f(x), then an indefinite integral of f(x) with respect to x is

F(x)=2x>+6x -4

F(x):
it~ (Fx) = f) then [ f(x)dx = F(x).
.. ) dx
antidifferentiate Jd
>If (2x? + 6x—4) =4x + 6 then [(4x + 6)dx = 2x> + 6x — 4.

However, such functions as F(x) = 2x? + 6x, F(x) = 2x? + 6x +12, F(x) = 2x? + 6x — 5, etc. have the same derivative. The reason for

this is the constant, which disappears during differentiation.
So. if C'is any constant = the derivative of 2x*> + 6x + C is 4x + 6, and consequently 2x* + 6x + C is an indefinite integral of 4x + 6:

f(4x+6)dx=2x~’+6x+c



1':-@ uv“"“"‘._
tl HUMBOIDT-UNIVERSITAT 711 BERLIN : @‘E
J H e o

HUMBOLDT-UNIVERSITAT
Resource Economics

o ZU BERLIN

= Key insights [13]:

1) A function F(x) is an antiderivative of f(x) if dF/dx = f{(x),

2) If F(x) 1s an antiderivative of f{x) then so too is F(x) + C for any constant C.

2.7 Introduction to integration

Common antiderivatives [13]

flz)

F(x), an antiderivative of f(x)

k constant kxr+C
= Some general rules for calculating integrals (recall those of derivatives): . r; +C
 Multiplication by constant: [ (cfix))dx = ¢ [ f(x)dx, for any constant ¢ . 3
- Sum rule: [ (f(x) + g(x))dx= [ f(x)dx + [ g(x)dx ’ 3¢
« Power rule: [x2dx = 57 X* TC ) L
« Difference rule: [ (f(x) - g(x)) dx = [ f(x)dx — g(x)dx e _]ﬁ_i cosme e
« Integration by parts: [ f(x)g(x)dx = f(x) [ g(x)dx — [ () ([ g(x)dx)dx s E:mmm'l'c

e —e"™ 3 O

Example: Calculate the following integral: [ In x/x?

* First we choose f(x) and g(x): f(x) = In(x) and g(x) = x>
= Differentiate f(x): f'(x) = In(x) = 1/x

= Integrate g(x): [ 1/x*dx= [ x2dx=-1/x

= Substitute in the formula: In x'—X1 - [ i (—- 1) dx =

X

In(x)+1
X

+C

m
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y=x(x+1)(x-1) | Example: calculate the areas of the segments between the curve of the
functiony = x(x + 1)(x - 1) and the x-axis.

“ y=x(x+Dkx-1)=x*—x
X = A= [ ydx=[] (¢ x)dx
> 7x4-§]j= {'%]'[%'%2]:16
" B=[yde=[ & -x)dx
R

The total area: A+ B=16+16=32

oder

3 3
A+B= [ ydx=[",(*-x)dx =16-16=0
—> When calculating the area between a curve and the x-axis, separate calculations are required for each segment between the curve

and the x-axis. It is therefore recommended to draw a sketch of the curve of a function to avoid such confusions and to exactly define

how many separate calculations are needed [12].
]
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Y Example: calculate the area of the segment between the curve of a
function y = 3x — x? and the line y = x.

»  Find the points where the curves cross, so that the ordinates can be

calculated 2 x =o0 andx =2 (A).
» Find the area under the curve of the function:
X3] 2 _ 3i

= =1 2 _r3x? X
fo ydx—fo (3x-x)dx—[2 -3, 3

»  Find the area under the line:

| 2 2 x2, 2
0.3 1 1.5 2 25 3 3.3 fo ydx:fOde=[2_]0_2
= Subtract the area under the line y = x from the area under the curve y
=3x—x?:
sl oo L
3 '3

—> The area between two curves is calculated by finding the area between one curve and the x-axis, and subtracting the arca between
the other curve and the x-axis. It is likewise useful to draw a sketch in this case in order to find the points where the curves cross for

defining the limits for integration. It will also help in defining which areas should be subtracted [12].
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Exercise #1:

1) f'(x)=(48x52+20x2—4x2 — 1)/ 2Vx

2) f(x)=(5x2 - 6x — 5)(5x - 3)2

3) f'(x) =(-6x*+ 6x3 + 17x% — 12x +3)/(x?)(2x - 1)?
4) f'(x)=12x> (x3 +4)3

5) f'(x)=3x (x2+5)2

Exercise #2:

x"=p, f(x*) = 1/2p?
x"=1, f(x*¥)=0

Exercise #3:

X, = 2666 and x, = 1333 and the maximum production will be then 2116 units.
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