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Abstract

This technical appendix of Eisenack and Mier (2019) presents the proofs and calculations (Section 1), and

the extension to perfectly correlated generation units (Section 2). See also Eisenack and Mier (2018).
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1 Calculations and Proofs

1.1 Deriving the First-Order Conditions

One can generally solve the program by using Kuhn-Tucker conditions. Yet, as several of steps are
common, we keep them brief. Start with Stage 4. If follows from the definition of excess demand
that xo = D — Xy —xp —xg > O only if ¥y < D —xp —xg. As D, xp,Xy are given in Stage 3, we can

leave out expectations and the problem is to maximize w.r.t. xz. We obtain the derivative

oJ —cg+co >O0forxy <D—xp—xy, 0

dxy —cy < O else.

The signs of the derivatives follow from the cost assumptions. Thus, highly dispatchable technolo-

gies are only employed if there would be excess demand otherwise. The optimal output is

ki for Xy € Qq,
XH = D —Xy—xp foriy € Qs, ()
0 else.

In Stage 3, non-dispatchable production realizes, independently of all decision variables except ky,
so that

E[)ZN] = akN (3)

By using the definition of excess demand, (2), and conditional expectations, we obtain the expected

outcome of Stage 3 as given by

E[)CH] = kHPI‘4—|—E[D—xP—fN|Q3]PI’3, @
Elxo)) = E[D—xp—3Xy—xg|Q3]Pry. &)

Now turn to Stage 2. Inserting expected output of all capacities and E [xp] into the maximand
(Equation 1 in Eisenack and Mier (2019)) yields

E[J] = U(D)—ijkj—CPxp—cNakN
J
—CH(kHPI‘4—|-E[D—xP—fN‘Qg]PI‘3)

—C()E [D—XP—)EN—kH‘le] PI‘4. (6)



Due to the Inada conditions for U (D), the first-order condition % = 0 yields optimal marginal

utility of

IE[J]

=p cyPr3+coPry—U' (D). (7

By using that Xy is boundedly integrable, the derivatives can be simplified by interchanging dif-
ferentiation and expectation (see also Chao 1983, p. 182; Chao, 2011, p. 3952). We will use this

feature repeatedly in the following. Here, it yields

OE [J]
8XP

= cgPr3+coPrq—cp. ®)

If the derivative is positive (negative), it is (not) beneficial to increase production of partially dis-
patchable technologies up to its capacity. Thus, depending on the sign of the derivative, either
xp < kp or xp = kp in the optimum. Suppose that xp < kp is optimal. Then %ETE{] = —bp < 0.
employing partially dispatchable technologies would never be beneficial so that xp = kp =0, a

contradiction to xp < kp. Consequently, xp = kp. The remaining first-order conditions are

E
J [J] = acHPI‘3—|—aC()PI‘4—bN—ClCN7 ©)
Dy
E
BV PrstcoPrs—bp—cp. (10)
dkp
E
BV PratcoPrs—bp. (11)
dky

1.2 Proof of Proposition 1

Case without non-dispatchable technologies. We denote results for the case kp > ky =
0 with the superscript P. Demand is always met, xlli —|—x€1 = DP, because scheduled demand is
fixed and excess demand is more costly than output from either partially or highly dispatchable
technologies, bp + cp,by + cy < co. This yields xg = 0 and Pry = 0. As the LRMC of partially
dispatchable technologies are lower than the LRMC of highly dispatchable technologies, bp +cp <
by + cy, there is no highly dispatchable capacity in the optimum, i.e., kg = 0 and Pr3 = 0. As
excess capacity has no benefits, partially dispatchable technologies must produce at full capacity,
xp = kb = DP. The maximand is simplified to J* := U (D”) — (bp+cp) D'. Thus, optimally
scheduled demand D" is characterized by the marginal condition U’ (DP ) =bp—+cp.



Case without partially dispatchable technologies. We denote results for the case ky >

kp = 0 with superscript N. Solving (11) for Prﬁ' , using (11) in (9), and solving for Prév4, we obtain

b
py = A (12)
co—CH
by
L t+ey—>
pré\i1 — G—NH‘ (13)
CH

It follows from by + cy < co and by > 0 that Pry € (0,1). Using (12) and (13) in the first-order
condition (7) yields DV, characterized by marginal utility U’ (DY) = by + cy Pr3s = %N + cn.
We can further exploit kp = 0 and (3) and (11) in the maximand (6) to obtain JN:=U (DN ) —
(2 +ew) DY =y with

b
Y = (a—az) <7N+CN) + (aza —aq) by, (14)
where ¥ > 0 without loss of generality due to a4 < az4 < a.

Comparison of cases. By denoting AU :=U (D) —U (D) and AD := D" — DF it can be
verified that JV = J? if

(& +cw) AD+ iy — AU
AC=¥ = . (15)
DF

Positivity of W. Suppose that AC =¥ < 0. Note that utility is strictly increasing, strictly
concave, and fulfills Inada conditions, i.e., U (DN ) U’ (DN ) DN <U (DP ) U’ (DP ) DP. Addi-
tionally accounting for y > 0 leads to J¥ < J?, a contradiction. We conclude that ¥ > 0.

1.3 Proof of Lemma 1

We only need to consider the situation with kp = 0. Then, Pry = fOD_k” f (Enskn) din, Pry =
f Ii k| (v ky) din, and Prag = fOD f (%v:;kn) din. By the Leibniz rule, we obtain the signs of the
derivatives of Pr3, Pr34,Prqy w.r.t. kg, D as given in Table 1 below, as f is independent from kg, D.

The derivatives ‘991;;34 = OD Md ¥y and %Er“ = OD ki MdXN are negative as they are

determined over intervals bounded below by zero, because Xy > 0 by definition, and almost sure

Vz: ®(z) > 0. The sign of aPr3 f Dk 2l XN kN )de is generally ambiguous because %NN]W)

can be higher or lower at D or D ky. Thus, every component of the Table in Lemma 1 has been

shown.



d/dky d/dky d/dD
Prag o S gy < 0 0 f(Dsky) >0
Pry | [ LGk gz <0 —f (D —kusky) <O F(D—kpsky) >0
Pr3 not pos51ble to show S (D—ky;ky) >0 f(D;ky) —
F(D—kuskn)

Tab. 1: Partial derivatives of probabilities w.r.t. ky, kg, D

1.4 Proof of Proposition 2

The comparative statics can be derived from first-order conditions (7), (9), and (11). The total
differential of these three conditions with respect to the dependent variables (ky,kp,D) and one
parameter of interest (here: one of by, cy, by, cH,co) always yields an equation system. This needs
to be solved to obtain the comparative statics of ky,kg,D with respect to the parameter. These

solutions are eased by noting that the first-order conditions can be equivalently written as

FH = (C()—CH)PI‘4—bH:0, (16)
b
Fp = Niyey—U' =0, (17)
a
b
Fy = bytcyPryg— -~ —cy=0, (18)
a

by considering the following: (16) just rewrites (11). (17) is obtained by solving (16) for cqPry,
substituting into (9), and using that Pr3 + Prqy = Pr34. (18) is obtained from (9), substituting cq Pr4,
and simplifying as before. The partial derivatives are summarized in Table 2, where 3/{1\/ =01is

implied by Table 1 from Section 1.3.

3/ dky 3/ 9k 9/aD
Fy CH% 0 cH 8524
Fy (co—cn) %l,:;j‘ (co—cn) %1,:;‘ (co—cu) At
Fp 0 0 -u”
| 9/dby 9/dey 9/9by 9/dcn 3/dco
Fy —1/a —1 1 Pray 0
Fy 0 0 —1 —Pry Pry
Fp 1/a | 0 0 0

Tab. 2: Partial derivatives of Fy, Fy, Fp.

This structure make the comparative statics for D easy to determine. Using implicit differen-

tiation, we obtain < db = ggZ/aFD 0, jc?{ % =0, % = a—l,, <0, and d—D = L,, < 0. The
total differential of (18) becomes, for any parameter, a straightforward equation because gf"’ =0.



For by, e.g.,

0 PI‘34 0 PI’34 0 PI‘34 1
0 = dk ——dk y———dD — —db 19
CH e N+ cH T H+CH— _dbn, (19)
where 2¥34 — () as shown in Table 1. Solving for % by usin aPr34 apr34 f Table 1 and
a T g db y g rom Table 1 an
jT?v = aU,, leads to
dky  1U" —cpZh
Tbe = 2 T P > 0. (20)
N 4 U'enp,
For the other parameters the same steps yield de = de >0, g% = ( CcH 9;;:34) >0, Z’C‘Z =

Pray ( 881?34) > 0, and % = 0. For the comparative statics for kg, we start with by, so that

the total differential of (16) is

0P JP JP
dFy = (C() — CH) ak;j dky + (C() — CH) 8k3dkH + (C() — CH) aDM dD —dby =0, 21
so that
8Pr4 de 8PI‘4 dkH . 1

(22)

8kN de 8kH de N Co—CH’

where we have used that ;b = 0. Now, the result for de and Table 1 can be used to determine

P IP

dky _ cngr + (o —cn) G (23)
8P o0Pr
dby cH ak“(co—c )ak;

-1
In the same way, we obtain ng = Pr3y akH <0, %’ZH = —Pry ((co —cH) %EZ‘) > 0, and
" 8Pr4 0Pry 0Pr3y . 0dPr3s 0Pry
dhkyy U +e ( gty 9D — oky D > kg o
dCN - U”C 8Prg4 8Pr4 o aabN’

“Oky Oky

where (24) has an ambiguous sign. The denominator is always negative, so that the numerator



iy dky

determines the sign. It follows that by don

< 01f and only if

0 < U

17 8 Pr4 (9 PI‘4 8 Pr34 _ 8 Pl‘34 8 PI‘4
oky M\ Oky oD  oky oD

0 Pry 0Pr3y . 0 Pr3s 0Pry
dky 0D dky oD

dPry
dky

(8 PI‘34 a PI‘4 3 PI‘4 8 PI‘34 )
= CH .

-U" <

dky / dky JD oD

. aPI‘34/aPI’4
H\ "oky ! Fky

-f(D—kH;kN) —f(D;kN)) . (25)

1.5 Comparison to Standard Model

The first-order conditions are

JE[J
—Wﬁ] = C()PI'4—|—CHPI'3+CPPI‘2—U/(D), (26)
JE[J
[] = C()PI'4—CHPI‘4—bH, (27)
dky
JE[J
¢ = coPry+cyPr3—cpPriys— bp, (28)
dkp
JE[J
8kH = acoPrs+acyPri+acpPro —acy — by. (29)
N

Setting the first order conditions to zero and solving the system yields U’ (D) = bp + cp Pry34 with

b

Pry = —4 (30)
Cco—CH
bp—b

Prag = 31
by
X 4 cy—bp

Proy = . (32)

1.6 Proof of Proposition 4

The proof starts from the assumption that kp - ky > 0, and shows that this implies a specific re-

lation for bp,cp,by,cy. Thus, this relation is a necessary condition for both capacities being

strictly positive. The objective is to maximize E [J™!] := Y, E [J;] — ¥.;bjkj, where E[J;] =

U (D) —YjcjE [xj,] — ¢coE [x(], and excess demand at time ¢ is xo, = max {Dt — ijj,,O}. For
dU;(Dy)

convenience, we define U/ (D;) := —ap, - In Stages 2 to 4, this additive separable structure allows

to maximize E [J;| separately for each period. Since ky > 0 by assumption, we can rewrite the



one-period results from (4) and (5) with time index, and obtain the derivatives

E [XOI] = E [Dz —Xpr — XNt _XHI‘QM] Pr4, (33)
Elxg:) = kyPray+E[D; —xp — Fn:| Q3] Pr, (34)
JoE |J,
— [ t] = cyPr3y;+coPry —U[/ (D,), (35)
oDy
JdE |J,
[ l] cyPri; +coPryg —cp. (36)
dxpy

Setting (35) to zero implies that Vz : U/ = ¢y Pr3, +c Pry,. For an internal optimum, (36) is equal
to zero as well, while for a corner solution xp; = kp. Denote the subset of all periods with a corner
solution by L, and |L| is the number of periods in L. In Stage 1, the first-order condition for kp then

simplifies to

o CHZI;I‘—FC()ZIZII‘—bP—’L‘Cp:O. (37)

telL tel

This condition is satisfied for at least one kp > 0 as we assumed a positive partially dispatch-
able capacity to be optimal. Moreover, (35) being zero in any period implies Y,c; U/ (D;) =
cH Yser Pras+co Y cr Pra;. We thus obtain Y,c; U/ (D;) = bp + |L|cp. The left-hand side of this
equation depends on the values D;. Since the optimal D; depend on the cost parameters in turn,
this is actually an equation that expresses a specific relation of the costs parameters. Both tech-
nology types are only employed in this boundary case. This shows that positive capacities of all
technology types can only be optimal if cost parameters are in a specific relation to the optimal

demand profile.

1.7 Proof of Proposition 5

Whereas Xy < ky is the available production of non-dispatchable technologies, xy < Xy denotes
the actual output. Stage 4 is extended to maxy, x, J s.t. xy < Zn,xy < ky. The optimum depends
on the random event: If Xy € Q) or Xy € Q,, then xy = D — xp,xyg = xg = 0; if Xy € Q3, then
xy =Xy, xg =D —xp — Xn,x0 = 0; if Xy € Qq, then xy = Xy, xyg = kg, xg = D — xp — Xy — kg



Thus,

Elx) = E[D—xp—fy—ki|Q4]Prs, (38)
Exy| = E[D—xp—%y|Q3]Prs+kpyPry, (39)
Exy] = E[xn|Q3|Pr3+E [iy|Q4|Prs+ (D —xp)Prys, (40)
EJ]

= U(D)—ijkj—CpxP
J

—CcN (E [)?N’.Q.g,] Prs+E [JEN’.Q.4] Prg+ (D —XP) PI‘]Q)
—cp (kg Prq+ E [D— Xy — xp|Q3] Pr3)
—coE [D—iXn —xp — ky|Q4) Pry. 41)

The derivatives for the remaining decision variables are:

_a—D = CNPI‘12—|—CHPI'3+60PI’4—U/(D), (42)
JE|[J
[] = cyPrio+cygPr3+coPrg—cp, 43)
aXp
oE
9BVl ey PrateoPra, (44)
dky
0E|[J
ak[] = CNPr12+CHPr3+C0Pr4—bP—CP, (45)
P
JE[J
ak[] = a(cH—cN)Pr3—|—a(co—CN>PI‘4—bN. (46)
N

Setting the last two expressions to zero and using Prjp = 1 — Pr3 — Pry, Pr3 + Pry = Pr34 yields an
overdetermined equation system (two equations for Pr34). This can only be solved for a boundary

case with specific cost parameters.

1.8 Proof of Proposition 6

The analysis of the case of perfect correlation is equivalent until the first-order conditions need to
get determined in Stage 1. Condition (9) changes to

QE[J]
dky

= azcgPr3+ascoPrq— by —acy. @7

The derivatives (47) and (10) cannot become zero at the same time. The only exception is the

boundary case, where the difference between partially and non-dispatchable LRMC becomes ex-



actly AC = @, with

_ b _
o= 4% (—N +CN) + B a4coPr4. (48)
as a ajs

10



2 The Case of Perfectly Correlated Random Generation Units

The model in Eisenack and Mier (2019) focuses on an important special case for the random vari-
able: marginal generating units are stochastically independent. Another (polar) case is to assume
that marginal generating units are perfectly correlated, that is, each unit produces the same amount
of output at a given point in time. This case of supply uncertainty has not been considered in the
peak-load pricing literature to our knowledge so far. This technical appendix presents the results
for the correlated case, and describes similarities and differences to the case of stochastically inde-
pendent generation units. We are optimistic that if some results hold for both extremes, they might

be robust to more general conditions.

2.1 Production and Capacity Decisions

As in the case of stochastically independent correlated generation units (case of independence),
we define iy = f(f Y (z)dz, where @ (z) are stochastically identically distributed random vari-
ables with realizations @ (z) € [0, 1] and availability factor a = E [@ (z)]. In contrast to the case of
independence, we now assume that production of marginal generating units is perfectly correlated,
1.e., that each unit z produces the same output at a given point in time (case of perfect correlation).
It will be convenient to denote average conditional production by a, := HX;CV—ALQC]

The analysis of the case of perfect correlation is equivalent to the case of independence until

the first-order conditions need to get determined in Stage 1. We obtain

J0E
_Wm = cyPr3+coPrqy—U' (D) (49)
J0E
m = a3cHPr3—|—a4coPr4—bN—aCN7 (50)
dky
J0E
V] = cyPr3+coPrqy—bp—cp, (1)
dkp
E
J [J] = —cyPrqa+coPry—by. (52)
dky

Again, the first-order conditions (50) and (51) cannot become zero at the same time. The only
exception is the boundary case, where the difference between partially and non-dispatchable long-

run marginal costs (LRMC) becomes exactly AC = &, with

_ b _
o= 4% (—N —I—CN) + B a4coPr4. (53)
az a a

The next step is to determine whether a capacity decision with kp > ky = 0 or with ky > kp =0

is optimal. Start with kp > ky = 0 and denote results for this case with the superscript P. We

11



know that xlli +x§ — DP. This yields xo = 0 and Pry = 0. From bp + cp < by + cy, we obtain
kg = 0 and Pr3 = 0. As excess capacity has no benefits but costs, we have xﬁ = kb = D and
JP:=U (D?) — (bp + cp) DY, where D" is characterized by U’ (D”) = bp + cp.

Next consider ky > kp = 0 and denote results with the superscript N. Solving the first-order
conditions (52) and (50) for Pr4 and Pr3, respectively, yields

b
Pry = ——, (54)

€0 —CH
by +acy — ascoPry

Pr; = (55)

asCy

Using (54) and (55) in (49), yields DV, characterized by U’ (DN ) = %’V +cy +P. We obtain
JN:=U (DN ) -U’ (DN ) D". Demand is optimally scheduled so that marginal utility is equal to
the LRMC of non-dispatchable technologies plus a mark-up ®. We thus call ® the correlation
mark-up. Its sign is generally inconclusive. The correlation mark-up reflects the effect of raising

capacity of non-disptachables on the different events. If an additional marginal generating unit is

dE [X'N‘Qc]
dky

of perfect correlation, however, it also depends on scheduled demand how expected conditional

employed in the case of independence, then = a for all interval of events €. In the case

output changes.
By denoting AU := U (DY) — U (D*) and AD := DV — D", it can be verified that JV = J* if

U' (DN)AD — AU

AC=Y¥Y = b+ DF

(56)

In addition, observe the following. Consider the boundary case with AC = ®. It follows that
U' (DY) =U' (D) and, thus, AD, AU = 0, because the differences in scheduled demand and utility
vanish if the marginal utility without any partially dispatchable capacity is the same as without any
non-dispatchable capacity. We obtain W = ®. This yields an analogue to Proposition 1 in Eisenack
and Mier (2019):

Proposition. In the case of perfect correlation, the following cases can be distinguished:

(i) If AC < ®, then xp = kp = D and ky = kg = 0 with U’ (D) = bp + cp and Pr3 = Pr3s = 0.

(i) If AC > @, then kp = 0 and ky, ki > 0 with U’ (D) = % + ¢y + P and Pry = 2L € (0,1),
N 4 en—b
Pry, = %

12



2.2 Special Case of Uniform Distribution

The case of perfect correlation can be further illustrated if we additionally assume that output Xy is
uniformly distributed on [0, ky] and kp = O (see Figure 1).! Then, a = 1/2 and some equations can
be explicitly solved (see Figure 1, lower panel). In the upper panel, the vertical dotted lines separate
the three possible events: excess demand (€24), highly dispatched (€23), and non-dispatched ().

For example, asky is exactly in the middle between the lower and the upper bound of €24.

f(fmikw)
1/ky —_————————— e ——
Pr, Pry Pry
T T T T ) E.
asky asky azky aky f arky v
D —ky D Iy
| 0'4 '03 | ﬂ34 | Ql
pr, (D — k) /ky ky/ky D/ky 1—D/ky
ae | 05D —ki)fky | 052D — ki) /ky 0.5 D /ky 0.5 (ky — D)/ky

Fig. 1: Illustration of probabilities for a uniform distribution (if a3 < a). The probability density
f (Zn;ky) is plotted at the upper panel (vertical dashed line).

The relation a4 < az4 < a,as holds for any proper distribution, but the relation between a3 and a
is generally inconclusive. For a uniform distribution, it can further be verified that a3 Pr3 +a4 Pry =

asz4 Pr34. Using this in (53) and subsequently substituting (54) and (55), yields

a—azs by az4 —ay

o = (— —|-CN> + by. (57)
ass a a4

Thus, the correlation mark-up is strictly positive for the case of perfect correlation and a uniform

distribution. With the solutions from the lower panel in Figure 1, (5§7) can be rearranged as

b
®D = (ky — D) (7N+cN) + byky. (58)

This shows that revenues from charging scheduled demand at the level of the correlation mark-
up would cover the capacity costs of highly dispatchable technologies plus the LRMC of non-
dispatchable capacity above demand. The correlation mark-up is larger, if the optimum requires

more highly dispatchable capacity or more non-dispatchable capacity in excess.

I Recall that kp = 0 leads to Prp = 0.

13



2.3 Comparative Statics of Pr3,Priy,Pry

Compared to the case of independence, we now obtain a stronger result for the comparative statics
of Pr3 w.r.t. ky. This holds for any distribution f. As we can write Xy = Wky for one representative
generating unit Y, we can transform the random variable. Denote the probability density function

of y by fe (¥), which is independent from ky. Then, f (Zn;ky) = fo (V) - % This yields

D
Pr; = f (Xnsky) din
D—ky
D/kn
- / fo(W)dy, (59

(D—kw)/kn

dPr D D—k

ak; = Jo(D/ky) <_k_2) — fo (D —kn) /kn) (_ H)

2
N kN

D—k D

= f(D—kg,kn)ky kZH_f(kaN)ka_Z
N N

_ f(Dskn)D— f (D~ kizsky) (D — ki) (60)
kn '

This expression is positive iff f (D — kg, ky) (D — ki) > f (D,kn) D. Thus, we obtain the values in
Table 3.
If we additionally assume that Xy is uniformly distributed, i.e., f (D;kn) = f (D — kg3 kn ), we

obtain a closed-form result, so that 881]:;3 > (0 and IPrs _ (.

oD
kn kg D
Pry (—) (—) (+)
Pry (—) 0 (+)
Pr3 #! (+) #
#H | ()it f(Dikn) D > £ (D—kipsky) (D — ki)
#2 | ()it £ (Diky) < £(D— kipiky)

Tab. 3: Comparative statics of probabilities

2.4 Comparative Statics of ky,ky,D

For the case of perfect correlation, unambiguous results are more difficult to obtain. Here, we
concentrate on the special case of uniformly distributed marginal generating units. For parsimony,
we use the shortcuts U’ = U’ (D) and U” = U” (D) subsequently.

The comparative statics are determined from the equation system following from the total
differential of the first-order conditions (50), (52), and (49), here repeated as F = (Fy, Fy, FD)t =0

14



d/dkn d/dky d/dD
F  cikg (2D—kgr)+co(D—kp)” _ (co—cH)(D—kg) coD—(co—cn)kn
" & . .
F _ (co—cn)(D—kn) _ (co—cn) (co—cn)
H K% kn kn
coD—(co—cpn )k, co—c¢ g
Fp _ < lgzv H)ki _( okNH) ZT(\)]_U//
‘ d/dby d/den d/dby d/dcy d/dcy
Fy —1 —a 0 a3 Pr3 asPry
FH 0 0 -1 —PI‘4 PI‘4
Fp 0 0 0 Pr3 Pry

Tab. 4: Further partial derivatives of Fy, Fy, Fp.

with
Fy := cpga3Pr3+coasPry— by —cya, 61)
FH = (C()—CH)PI‘4—bH, (62)
Fp = cyPr3+coPra—U'". (63)

This proof becomes more complicated than the proof for the case of independence, because the
Jacobian ¢ (F) has no diagonal form. On the other hand, because ® is uniformly distributed, we
can use the explicit expressions from Figure 1, so that, e.g.,

12D — ky ky

Fy = cpz

1D—ky D—kny
2 kv kn

2 ky kn

o — by —acy. (64)

We obtain all derivatives in Table 4 in the same way.
For each parameter of interest, the total differential leads to a system of three equations. We

solve these systems with Cramer’s rule. For example, the following equation system needs to be

solved with Cramer’s rule to determine the comparative statics with respect to cq:

JF JdFy dk JFy dk dFy dD

_ofN N NJr N H+ N_7 (65)
aC() 8kN dCO 8kH dCO 8D dC()
o0F 0Fy dk 0Fy dk J0Fy dD

_ofm H N_|_ H H+ H_) (66)
aC() 8kN dCo 8kH dC() 8D dC()
oF oFp dk JFp dk dFp dD

_ofp _ D N+ D H+ D&t 67)
8c0 &kN dC() akH dC() oD dC()

The determinant of the Jacobian evaluates to
_ D?

det( 7 (F)) = —" (o—et) D"y _ g, (68)

ky
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As we are only interested in the signs of the solutions, we can focus the further proof on the signs
of the determinants of the matrices where the appropriate column of the Jacobian is replaced by
the negative partial derivatives w.r.t. the parameter of interest. We obtain Table 5, where = denotes

equivalence in the algebraic sign.

Dk /9 = ID/d =
U "kn+ _
by (co—cn) N+cn) <0 _CH(COk?VCH)D <0
U”k + —
N (co—cn ( N LH) a<0 _cH(cokgch)Da <0
U”k (D—ky )+cpk
by (co—cn)( Nk3 H)+cHky) _ (Co CH) ky <0
(C()*CH)[U,,/(N%((D*kH)2+D2)+L‘H%(ZkaH)kH} cH (C()*CH) (2D kH)kH 0
H | = & G g o c
o—cu)(=U"ky+cn) 3(D—kp)? —cu)D 3 (D—kn)?
o _(LO LH)(k2 N CH) 2( > H) <0 _CH(COkSCH)D 2( 5 H) <0
N N N N
sy /9 =
b (co—cur) (U"kn (D—kp)+crkir)
N |~ i
(co—cw) (U"kn (D—ker) +crke )
CN - k% a
1 (co—cn)ky U”k 2D—kp kg +co(D—k
by _culco—ch) N(LHk(3 1 )kr+co(D—k)*) <0
. CH<C()7€H)k12_1(2D7kH)7U”[CH(ZkaH)kH+CO(D2+(D7kH)2)]kN(D7kH) 0
CH — 2k15v <0,
(co+er) (U"ky (D—kp)+epky ) 4 (D—kiy)?
(&0} - k3 k2
N N

Tab. 5: Signs of the derivatives of ky, kg, D w.r.t. by,cn, by, ch,co

The ambiguous cases can be further analyzed as follows. Note that ZlgN , ZH;H , j’;ﬁ , Cg;H < 0 iff

0 < U”kN (D — kH) +cgky. (69)
Using Figure 1, we can resubstitute for Pr3, Pr4 to obtain

" CHkH B CHkH/kN . CH Pl‘3
kN (D—kH) kN (D—kH) /kN kNPr4'

(70)

The expression on the right-hand side is increasing in kg, but decreasing in ky,D. We also obtain
de
< 01ff

i 1
0 < Uk ((D—ku)’+D?) +cu (2D — ki) ki, 7
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which can be solved (using Figure 1) to obtain

12D—ky k
—U” C_H % (2D — kH)kH _ C_H 2 kn - ﬁ _ C_H as Pl‘3 (72)
kn % (D _ kH)z + %DZ ky %D]:_;H D_;;H + %%% ky a4 Pry+azq Pray

By differentiation we obtain that the right-hand side is increasing in kz, but decreasing in ky, D.
The comparative statics for capacities and scheduled demand are summarized in Table 6.

In contrast to the case of independence, scheduled demand also depends on by, cy,co (via the
correlation mark-up ®). As a result, non-dispatchable and highly-dispatchable technologies can

be complements with respect to by, cy, co.

bn,cn by, ch €0
W () # ©)
kg # (-) #
p| () ) -)
# (=) iff —U" fen < ki Jkn (D — ki )
® | ()i —U" ey < (D> = (D= k)?) Jho (D> + (D~ k)

Tab. 6: Comparative statics of capacities and scheduled demand

2.5 Costs Recovery

Comparing the case of independence and the case of perfect correlation, there is no difference in
costs recovery for partially and highly dispatchable technologies: partially dispatchable technolo-
gies recover exactly costs, whereas highly dispatchable technologies fail to recover costs. Even
with the correlation mark-on ® on the price, we have p = U’ (D) = by + cgPr3q = %N +cey+P
and thus a price below LRMC of highly dispatchable technologies.

It is more complicated for non-dispatchable technologies. The mark-up could principally im-

prove the possibility of costs recovery. We obtain

E[Dy] = E|[iy|Q34]Pr3s+E[D|Q]Pry, (73)
E(ny] = —(bn/a+cn)(E[%y]—E [Dn])+PE [Dy]. (74)

The first (negative) term in (74) represents the costs from producing more output than can
be sold. The second term represents the adjustments from the correlation mark-up ®. Thus,
if ® < 0, non-dispatchable capacities will never recover costs. A positive correlation mark-up,
however, might be sufficient to cover the loss from producing more output with non-dispatchable

technologies than can be sold. Yet, the zero profit condition is only satisfied in the boundary case,
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where

®  Elfy]—E Dy
bN/a+cN - E[DN] ’ (75)

that is, if the mark-up of non-dispatchable technologies in relation to LRMC is exactly equal to the
relative excess production.
If it is additionally assumed that marginal generation units are uniformly distributed, we know

that @ > 0 and obtain a stronger result. Using (57), we can rewrite (74) as follows:

b
Blm] = (2 +ov) (Bl EIDN) + @E DY
— (71\’ ) < + CN) E[Dy]
b
+ <_N+cN) AR Dy + o E Dy
a asq
b
— <_N+CN)E ( +cN) L EDn+ by =2 E Dy]
b by -
_ <_N+CN) L sk + ( +cN) L E v +bu 22— E Dy]
a aza a as4 as4
b
— (_N +cN) -~ (E [DN] — azakn) +on =2 [Dw]
a az4
b _
_ 4 ( N +CN) (E [Dy] — azaky) + f34 —da byE [Dy]. (76)
This is positive because az4 —as = %k—” 0 and
E[Dy)—asky = E|[fy|Qa]Pr+DPr—E [iy|Qs4]
= (D —E[Zn]Q34]) Pry
1

2

To conclude, the correlation mark-up might be sufficient to cover the loss from excess output
during Q. Then, depending on the shape of the utility function and the distribution of Xy, the
price signal leads either to strictly positive profits or to losses for non-dispatchable capacities.
However, the main result from Eisenack and Mier (2019) holds: markets cannot be designed in
a conventional way as soon as non-dispatchable technologies enter the market. For a detailed

analysis of costs recovery under the case of perfect correlation see Mier (2018).

18



2.6 Comparison and Extensions

Eisenack and Mier (2019) discuss three model extensions, from whom one is the focus of this
technical appendix itself, and compare their model with the standard literature. The proof for mul-
tiple periods is equivalent for both cases (see Section 1.6). It remains to show that the results hold
when comparing with the standard model without dispatchability types, and under the assumption
of downward-dispatchability.

Peak-load pricing without dispatchability types. The first-order conditions are

JE|[J
_8—DH = C()PI'4—|—CHPI‘3+CPPI‘2—U/(D), (78)
JE|[J
[] = C()PI‘4—CHPr4—bH, (79)
dky
JdE[J
[] = c¢oPrqg+cyPr3—cpPr3s—bp, (80)
dkp
JdE[J
8k[] = coaqPrq+cyazPr3+cparPro —cya— by. (81)
N

Setting the first order conditions to zero and solving the system yields U’ (D) = bp + c¢p Pry34 with

b
Pry = ——, (82)
Cco—CH
bp —by
Pry, = pe— (83)
by+cya  cgasz—cpay
Prozy = - bp
cpar cpay (e —cp)

_(en —cp) (coaa —cpaa) — (cnas —cpaz) (co—cp), (84)
cpa (cg —cp) (co—cn)

Under certain costs constellations, which are again not a boundary case, we have Pry < Pr3y <

Pra34.

Downward-dispatchability. The relevant derivatives are

JdE[J

IE] = (cm—cn)azPr3+(co—cn)asPray—by. (85)

dky

JdE[J

8k[] = cnPrio+cgPr3+coPrqy—bp—cp, (86)
P

As in Section 2.1, setting the two expressions to zero and using Pri; = 1 — Pr3 —Pry yields an

overdetermined equation system (two equations for Pr3). This can only be solved for a boundary
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case with specific cost parameters.
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