Humboldt - Universitat zu Berlin
Landwirtschaftlich-Gartnerische Fakultat
Fachgebiet Agrarpolitik

Prof. Dr. Dr. h.c. Dieter Kirschke

Dr. K. Jechlitschka

EXERCISES

in addition to the lecture in

mathematics

Humboldt-Universitét zu Berlin e Department fur Agrarékonomie e Fachgebiet Agrarpolitik
Philippstr. 13, H12A e D-10099 Berlin e Tel.: +(49)-30- 2093 6245 o Fax: +(49)-30- 2093 6301 e E-Mail: jechlitschka@agrar.hu-berlin.de
http://www.agrar.hu-berlin.de/struktur/institute/wisola/fg/apol



Table of contents

1 Set-theoretic and arithmetic tools 2
L1 SEETNEOIY .o 2
Graphic illustration of sets in the real number plane...........ccccccoveveieiicic s 2
Y0 ] 11T ] SRRSO 3
1.2 The SIGMa NOLALION .....ccveieiiecieeie ettt et e e e raenbeereaneenneas 4
Y0 ] 1171 To] SRR 6

2 Elements of mathematical analysis 7
2.1 Differential CalCUIUS.........ccoiiiiiee e 7
ST ] {110 4K ST URSRR 7
2.2 INtegral CAICUIUS.........oiiiieec e 8
310 ] {110 41T 8
2.3 Partial differentiation ..........cccoiieiiiie e 9
ST ] {110 4K OSSPSR 11

3 Elements of linear algebra 12
3.1 MALFIX CAICUIUS ...t 12
Matrix multiplication — Economic interdependencCies............cocvvvvveieienenc s, 14
SONULIONS .. ettt sttt s et e bt e st e be b e reene et e e 16
3.2 Linear independence — Basis 0f @ VECLOr SPACE ..........cccceveririienienenienieseseeeeeees 17
SONULIONS ..ttt bbbt st s et e bt e st be b e e reene e e 18
3.3 Elementary transformation of @ Dasis ...........cccoeeriiiiiniiiiii 18
Coordinates 0f @ VECTOr IN @ DASIS.......ccueiiiiiiiieieeee s 18
L] Qo) B 1 11 L SR 19
SONULIONS .. ettt sttt s et e bt e st e be b e reene et e e 20
3.4 Systems Of [iNear @QUALIONS ..........coiiiiiiiiieere e 20
RST0] 11T ] TSRS OPR 21
3.5 The INVerse 0f @ MALFiX .......ccceiiiiieieeie et 22
SOIULIONS ...ttt ettt ettt e e be et e sre e nbe e e e ere e ne e 23
3.6 LiINEar OPLIMIZATION. ......coiiieieieesee ettt 24
RST0] 11T ] TSRS OPR 24



1

Set-theoretic and arithmetic tools

1.1 Set theory

Graphic illustration of sets in the real number plane

Show the following sets as a graphic:

1)

2)
3)
4)
5)

6)
7)

8)
9)
10)

S;= {(x,, X, ) eR%; X+, +1=0}

Notice: R? designates the real number plane (a Cartesian coordinate system with X, -axis
and x,-axis). The set of all points (x,, x,), which satisfy the equation
a,x,+a,Xx,=b (a,,a,,b real numbers), is a straight line in this number plane.

S,={(x,, X,) €R?; X,=3x,+4

= {(x. x,) €R?; x,= 5]

S,={(x., x,) eR?; x,= -3}

S.= {(xl, X, ) €R?; —X,+X,< 1}

Notice: The set of all points (x,,x,)eR*, which satisfy the inequality
a,X, +a,X, <(>)b; a,, a,, b real numbers, is a half-plane H in the real number plane.
To show this half-plane graphically, you have to draw the line a,x,+a,x,=b first. This

line divides the number plane into two half-planes. One of those is the requested half-
plane H. To define H, you choose any point(xm, xzo). This point may not be on the line

a,x,+a,x,=b. After drawing the point(X,,, X,,) into the Cartesian coordinate system, it

is to determine whether this point satisfies the inequality. That means: If
a,X,0+8,X,0< (>)b then the requested half plane is the half plane including the point

(X109, X50)- In contrast, if a,x,,+a,X,,>(<)b, then the point (X, X,) is not in the
requested half-plane H. That means the requested half-plane H is the other half plane
which does not include the point (X,q, X, ).

S¢= {(Xl, Xz)eRZ; X,+3X,> 6}
S,= {(Xl, X2) eR?: —X,+X,<1, 2X,—X,> 4}
Notice: The set S; is equal to the set of all points (x,,x, ) of the real number plane, which

satisfy the inequality —x,+x,<1 and the inequality 2x,—Xx,> 4 simultaneously. The set
Sy is the intersection of both half-planes described by the inequalities.

Sg= {(Xl, X2) €R?; X,+3%,> 6, X,> 0, X,> 0}
S¢= {(Xl, X2) eR?: X, +X,+1>0, x,—2X,—2 >0, 2X,—X,—4 < 0}

Si= {(Xl, X,) €R?; X +X,+1> 0, X,—2X,~2 >0, X,—X,> o}
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1.2

1)

b)

d)

b)

3)

f)
9)

The sigma notation
Write out the following sums and calculate.

7 7

ii: Yi+2= D (i+2) =

i=1 i=1 i=1

Write the following sums by using the sigma notation.

G G G G
d, d, d dy

(a1+b1)2+(a2+b2)2+(a3+b3)2+(a4+b4)2+(a5+b5) =

Suppose that i=1, 2, 3 designates three agricultural farms.
Suppose that j=1, 2, 3, 4 designates four consumers

The farms supply the consumers directly.
Be Xjj (dt) the amount of potatoes delivered by agricultural farm i to consumer j.

Be K ij (€/dt) transport costs of one dt potatoes from agricultural farm i to consumer j.

Show x;j in atable!

Indicate the formula describing the row sum R by using the sigma notation. What is the
meaning of the first row sum?

Indicate the formula describing the column sum C by using the sigma notation. What is
the meaning of the first column sum C3?

Show the total amount of potatoes to be transported by using the sum over columns and
by using the double sum sigma notation!

What is the meaning of p;=kijxi;?

What is its unit?

Generate a similar table describing p;;!

Set up a formula for sum P of all p;. Use the double sum sigma notation. What is the
meaning of P?



h)

4)

What are the delivery costs of those potatoes delivered by agricultural farms 2 and 3 to

consumer 1 and 2?

Calculate the requested values using this data :

Xij:
Consumers
Farms 1 2 3 4
1 12 0 20 15
2 8 30 16 2
3 10 6 11 13
kij:
Consumers
Farms 1 2 3 4
1 20 62 57 50
2 48 25 30 80
3 78 75 40 45
X; are measured values, i=1,..., n.
_ 1 n
What is the meaning of X = — X; ?
n5i=
Prove the validity of " ( x,—x )*=> xi 2—n(§)2 =>'x? —%( X; ) by using the
i=1 i=1 i=1 i=1

o= 1
equation X == D" X; .
N4

Analysis of variance is an important part of statistics and biometrics. An element of
analysis of variance is to calculate several double sums.

In the following table you will find the yields ( in kg) of five different varieties of
tomatoes cultivated on 4 sections.

Calculate the double sums as stated below by using the tabular values.

The index i designates the number of variety (i=1,..., 5); n designates the number of
section (n=1,...,4); X, is the yield of variety i on section n.



n
i 1 2 3 4
1 5,3 4,9 4.4 54
2 50 4,6 41 5,3
3 4,7 4,4 3,8 5,2
4 4,4 4,2 3,5 51
5 4.4 4,2 3,7 4,2
a) szin
b) 2.2 %’
0 (XX )
d  X(Xx, )
9 X(Xx,f
Solutions
37
la)  28;30;42 b) 7; c) 20; d) 440; e) 18@
10 C. 5
28 X b) D_(as+b)’
i=1 Yj i=1
4 3 4 4 3
3b)  R=D0x c) C=> X, d) Total SetC=>_ C=>" >x,
j=1 i=1 j=1 j=1 i=1
h) P21+tP22+P31+P32
) R1=47, C,=30, M=143, P=6159,
Transport costs: Farms 2 and 3 to Consumers 1 and 2: 2364 €

4b)  Notice: It is best to rewrite the left side of the equation (binomial formula, assort and
summarize the summands ) until you get the middle part respectively the right part of the
equation.

5a) 90,8 b) 418,20  c) 8244,64 d) 1656,7 e) 2079,02




2 Elements of mathematical analysis

2.1 Differential calculus

Find the derivatives of the following functions:

1) f(x) =3x*"—2x3+4x -2

3)f (x) =(1- ax)*

4)f(x)=—3-(1)(;—f:)
2

910000
2

6) f (x) = N)
cos(x)

7)sin(x) — xcos(x)

X
8)f(x)=a—x

9) f (x) =eXx"

1-x

10) f (x) = cos| el + X

, 1

2)f(x)=(x2—§)-(x +

H

X

Solutions

f'(x) =12x3-6x°+4

fors2) (3

= 4x3+%—2
X

fr(x) = —-4(1-ax)3a

—6x% +6x—24

i

f'(x) =

sin(x)3
2

f'(x) =2sin(x) +
cos(x)

2xcos(x?)

sin(x) - sin(x?)

f'(x) =

cos(x)

f'(x) = xsin(x)

1-xIn(a)

X

f'(x) =

f'(x) :exxn+exx(n_1Jn

1-xX

f'(x) = —sin| el + X el+X.

1-X

cos(x)?

-2

1+ x)?

].(ZX_

|

1

X2

)




11) f (x) = b-eSN(@) —d

12) f (x) =x"In(x)

13) f (x) =x*log,,(x)

Notice: Given log, (x) =

14) (09 = (In())’

In(x)
In(a)

2.2 Integral calculus

f'(x) =b-cos(ax)a eSin(@x) —d

f'(x) =n-x""In(x) +x"*

Y L X oylogyy(x) + —X—

f'(x) =2x + =
In(10)  In(10) In(10)

1 In(x)

f'(x):%-Zln(x)-; »

Find the set of antiderivatives of the following functions:

d
1) f(x)=ax’+bx+ ”

1
2) f(xX)=—
) 1=

1
3 f(X)=— , =1
) TW=—p o

4)  (x) = y1 - cos(x ?

x3-5x2+12x — 12

5) f (x) = —

6) f (x) = cot(x)

Notice :cot(x) = C(_)S(X)
- sin(x)
2X -5
7)f(x)=
)T X2-5x +7

X#2

Solutions

1 1
[ f(x)dx = Zax4+§bx2+d In(x)+c; ceR

~1
(n-1)

-n+

[ f(x)dx = X! Use

[f(x)dx=Inx+c
[ f(X)dx =—cos(x) +c

(Pythagoras)

[ f(x)dx :%xs—gxzwx +c (Polynomial division)

: 9'(x)
f(x)dx =1 f(x)=21"2
[ £ (x)dx =Insin(x)| + ¢ ( (x) g(x)j

2 9'(x)
f(x)dx =In|x"-5x + 7 f(x)=——=
[ f(x)dx n‘x X + ‘+c ( (x) g(x)}




Calculate the definite integral.

3
8) _[ZX +3x%dx =
0

1
11) jezxdx =
1

12) What is the area between function
f(x)=x? and function g(x)=2x ?

36

2.2 -2

Tg(x) — f(x)dx = 1,333

2.3 Partial differentiation

2
1) Find the partial derivatives of ot

o%f o f

a) f(X1, X2) = X3+X2

b) (X1, X2) = 3+5X;+2X,

C) (X1, X2) = X1- X2

d) f(X1, X2) = (3+3%1) (4-7X2)

e) f(X1, X2) = -4X1%-Xo%+3 X1Xo-2X1-3Xp-4

f) f(X1, X2) = X12(14x1+6X,)

9) f(x1, X2) = ;A +23 X,# 0
X

) ) = i sin (b (1 %o
i) (X1, X2) = X1 e—(X2+1)

. 4 ?
i) f(Xy X,) = LJ;Xl X#0, X,#0
X1X3

OX,  OX, OX OX  OX X, X, 0%,

of each function.




2) Find the extreme values of the functions f(xy, X,) listed below. Proceed as described in the
following:

1. Find ﬂﬂ
X, OX,

2. Determine the stationary points (Xig, X2e) eR?, that means those points
(X1, X2£) eR?satisfying the following condition:

of

X,
of
ﬁXz (XlE’XZE)

(XlE vsz) =0

=0

The stationary points of a function f(xy, x) include the relative extreme values of a
function. Now we have to examine for each stationary point if it is a relative
extremum. If there is no stationary point, the function does not have any relative
extremum.

3. Find (in case there are stationary points) the second-level partial derivatives .

o f o°f o°f
OX, OX, OX OX, OX, X,

4. For each stationary point (Xi1g, X2g), calculate the following:

o f
M(XlE ) X2E)= fXIXI(XlE 7X2E) =ay,

o°f

é’Xlé’_Xz (XlE ) XZE) = f Xlxz (XlE ’XZE) = alZ
o°f

0”X2 é’Xz (X]_E ) XZE) =f X X (XlE ) XZE) =a,,

If D=ay1- a-(as,)* > 0, then we can establish a relative extremum in function f(Xy, X2) in
point (Xig, X2g): It is @ minimum if aj;; > 0, it is a maximum if a;; < 0. If

D=ay; - ax2-(a12)* < 0, then we cannot establish a relative extremum of function f(xy, X2) in
pOint (X]_E, XZE)-

a) f(X1, X2) = 3+2x1+20X; - X12 - 2X2° - 3X1X2
B) (X X2) = 9X*+6X1Xot+ 9X2
c) f(X1, X2) =3X13+2X1 - 4X2°+Xo - X1X2

d) f(X1, X2) = 3X1- Xo7 - X12 - 6X5” - 8Xy

e) f(Xl, XZ) - e*(X173)2,(X2+4)2

10



Solutions

1)
la 1b 1c 1id le
of 1 5 x 3(4 — 7x,) 3x, — Bx, — 2
a.‘l:i
af 1 2 x —7(3x, + 3) —2x%, + 3x; — 3
ﬁ.tz
a*f 0 0 0 0 -8
a.‘l:i a.‘ti
atf 0 0 1 21 3
a.‘l:i a.‘tﬂz
a*f 0 0 0 0 )
a.‘l:z a.‘tﬂz
1f 1g 1h
af 2x, (6x, + 14x,) + 1427 i 3xlsinx, + 2x,(1 — x3)°
6.1:1 Exﬂ
of ﬁxi _gi} x} cosxy — ﬁx%x% (1-=xY)
dxs 2x;
a*f 2(6x, + 14x,) + 56x, 0 6xy sinx; + 2(1 — x3)?
a.‘l:i a.‘ti
a*f 124 _ 3 _ 3x§ cosxy; — 12x,x5(1 — x3)
a.‘l:i a.‘tﬂz 2‘7‘-5
a2 f 0 3xy —xisinx, + 18xfxd — 12x3x, (1 — x3)
a.‘l:z a.‘tﬂz J.'%
1i 1j
of g~ %1 1
dxq x3
/8 —xyee i Sl
dxo _rg
a*f 0 0
a.‘l:i a.‘ti
aZf —g—¥a-1 2
a.‘l:i a.‘tﬂz x;
o°f xpe ! 6 T80
a.‘l:z a.‘tﬂz I‘g
2)
a) There is a stationary point at xig = 52, Xog = -34, but we cannot establish an extremum at
this point.
b) In point x;=0, X,=0 is a relative minimum.
C) There are no stationary points for function f(x1, x2).
d) The function has three stationary points: (-4, 0); (2, 2); (2, -2).The function f(xy, X») has a
relative maximum at (-4, 0). There are no extrema at the other stationary points.
e) f(x1, X2) has a relative maxima at the stationary point (3, -4), which is the only stationary

point.

11




3.1

1)

2)

3)

4)

b)

Elements of linear algebra

Matrix calculus

Determine the type of the following matrixes.
A (1 Zj 5 1 2 0
=71 2 =7 Y

-1
C=|0
2

0
1 d=| %
3

Transpose the following matrixes. What is the type of the transpose?

17
0

23
33

e=(1 2 3 4 5 6

-10 13

2
-8

-11 15

-1 0 0
120
A:( ) 5: 0 1 -1 g:
- 31 2
2 3 1
c=(3 -1 10)
Which matrixes are conformable for addition? Calculate the possible sums.
1 3 4
50 2
0O 1 8
-1 4 2 0 -4 25
L= y b:(_G 3 115) E:
0 3 13 -41 17 23
-3 28 0

Multiply the given matrix by the real number « .
a =4, a=(3 -1 10)

3 2 45
a =3, A=|1 4 6 9
-3 0 81

a=Y b=(4 7 3 5

12



5) Write the matrix A as A=« -B, so that « e R and matrix B consists only in integer
elements.

A (% 2 %J
Wk h
6) We have one agricultural farm with four machines: The vector t describes the required
machine time:

450
500
1000’
740

t=

the vector b describes the available machine time

500

600
b p—

1000

750

Determine the remaining machine time r

7) Four farms supply three customers monthly:
Customer
Farm 1 2 3
1 300 200 0
2 250 100 300
3 200 170 100
4 0 420 210

Determine the annual supply.

8) What is the type of matrix X? Solve the following matrix equation.

0 1 -1\7
3[—? J +[o 2) E
% 7
9) What is the type of matrix X? Solve the following matrix equation.
1, (3-@ ?_(1 6 —j
4= 4 3 1) \0 19 3
10)  The following vector equation shall be valid: Determine the real numbers a and b with:
2+(2)-(3
al .|+b =
2 1 3

13



Matrix multiplication — Economic interdependencies

11)  What is the type of matrix A and of matrix B? Is it possible to multiply as shown? Name
the type of the product matrix and calculate if possible.

2 1 1 -1
a) = = AB,B-A
- \3 2 1 1
3 1
2 11
b) A=( j B=|2 1 AB,BA
301
10
1
3 21
c) _=( j b=|2 Ab b-A
01 2
3
2
d a=|1 b=(1 2 3 ab ba
3
T 3212
12)  Calculate A-A if A= .
4 1 1 3
Xl
X
13)  The vector x shall be x = x2 . Determine the dimension of X .
3
X4
a) What is the dimension of A-x, supposing that A is the matrix of exercise 12.

b) Calculate A-x!

14)  Give a matrix A with the type (A) = (2, 3) and a matrix B with the type (B) = (4, 2).
Calculate the possible product matrix( A-B or B-A).

15) A company produces three intermediate products out of three resources in the first
production stage. The three intermediate products are transformed to five final products in
the second production stage.

a) Find the resource consumption matrix per unit of the final products.

b) Which amount of the resources must be provided if the company shall realise this vector
x of the final products?

14



100
200
400
50
500

I><
Il

The material consumption of each production stage is shown below:

I1 P I3 E; E. Es E4 Es
Ry 2 1 4 I, 1 4 0 3
R, 0 5 3 P 2 6 0
R3 3 2 0 I3 4 5 1
R4 4 1 2
16)  What is the type of X? Determine the unknown matrix X!
HNEE N
X =
13— 2 1
17)  What are possible product matrices? Calculate some.
1 01
A:[ J c'=(0 2 2 -
2 2 2
5 4 ) 0 4 -2 A 3152
B=|0 3 _3 2 D 29 8 C 230t
“loo7 a1 |02 g_10 - |t21o
- 3 1 4 110
4 -2 5 1000 7 3 0
H -2 0 o_l4 e 0100 G 8 2 6
— 10 2 —_5 = 10010 = /-1 -10
3 1 0 001 6 3 4
2 1 0 2 0 -1
M=|0 4 -1 N=-3 0 2
32 0 -12 1 8

15




Solutions

50
8 2 4 100
5 A= 6 r=b-t=
) A %4(6 3 —J ) I=bet=y
10
7) Customer
Farm 1 2 3
1 3600 2400 0
2 3000 1200 3600
3 2400 2040 1200
4 0 5040 2520
8)  Type (X) (22)x£2 0]
Ype (R)=(4,2), A= 7
_3 A
9  Type (X)=(2,3) x—(m 0 _16)
YPEIRTES: 2516 88 16
10) a-2 A
3 3
11 AB(B_j BA(_l_l] bAB(g 3) B
) AB={g _ =875 3 ) AB={1y 5 F
’ 2 4 6
c) Ab=8 d) a-b=|1 2 3| b
36 9

12) A-AT:(18 21)
- 21 27

3X,+2X,+X53+2X,
13)  Type (x)=(4.1) A-x=

j Type (A-x)=(2,1)

4X,+X,+X4+3X,
20 29 10 11 22 R, 23350
22 20 33 18 12 R, 26300
15a) b) =
7 14 12 12 9 R, 13400
14 27 8 13 20 R, 20650

16)  Type (X) = (2,2 x—(z 43]
) ype (X) = (2,2) X=lg g

16
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3.2

1)

2)

3)

b)

d)

4)

b)

5)

b)

Linear independence — Basis of a vector space
: I : I 2
Determine the vector x, which is a linear combination of the vectors a, = 3 and

1
a, = ( 1) with the coefficients 4,=2, 1,=3 . What is the dimension of vector x?

Determine the vector X, which is a linear combination of the vectors

2 -1 -7
a, = 3 a, = 0 a, = 4 with the coefficients
— 1 3

A,=1 4,=0, A,=—1. What is the dimension of vector x?

The vector c shall be a linear combination of a, and a, . Which 4, and 4, is requested?

5 ) e

)l el e
2-(3) - e-3)
2= (3] () o=+

Are the following sets of vectors linear independent or linear dependent? Examine it
graphically and calculate it!

3= CJ 2= (—12}
ﬁ=(_41) a_z{_lzj %:@

Are the following vectors linear independent?

1

£
I
QD

N
I

|Q)
fike
Il
D
N
Il
o))
w
Il
= O O

17



6)

Show that the following vectors are a basis in the three-dimensional vector space.

1 0 2
a, =0 a, =2 a; =1
2 1 0
Solutions
1) X = 7}
= \3
9
2) x=|-1
—4
3a) A,=3 4,=2 b) 1,=a, 4,=b c) A,=5 4,=8 d 1=1 4,=1
4a) a, and a, are linear independent b) a,, a, and a, are linear dependent
5a) linear independent b)  linear independent
6) a,, a, and a, are linear independent.

3.3 Elementary transformation of a basis

Coordinates of a vector in a basis

1)
2)

3)

a)

b)

Solve exercise 4), chapter 3.2 by using ETB.
Solve exercise 6), chapter 3.2 by using ETB.

Determine if the following sets of vectors are linear independent by using ETB
[y SIS A
e 22 7 L =13 I

1
1

QD
Il

£

18




1 2
4) Show that ﬁ:(lj a, :(:J constitute basis in R® Give the coordinates of the

following vectors in this basis.

Notice: The coordinates of a vector in a given basis a,, a, are the coefficients 4, and

A, of the linear combination of this vector out of the basis vectors a, , a, .

[ ey orll) wa-(] vu-()

5) Show that the vectors a, , a, and a, are a basis in R,

&
£

1 0 2
a, =3 a,=|2 a,=|1
2 1 0

Give the coordinates of the following vectors in the basis a, , a, and a,

a) a, b) a, c) a,
3 1 0 0
d) b=|6 e)e_1:0 f)e_2=1 g)%:o
3 0 0 1
Rank of a matrix
Determine the rank of the following matrices.
2 3 1
1 2 3 4 -2 6
6) A= j 7) A=( j 8) A=1-3 -1 4
2 6 7 6 -3 9
1 5 3
-2 -4 1 -2 -4 0
9) A=|1 2 5, 100 A=l1 5 1 11) a=(-2 -4 0 7)
-3 -
3 6 Y 3 3 -1
3
12) a-= 2
-1
1
13)  Glve a matrix with the type (3,4), which
a) is of rank 1,

b) is of rank 2.

19



Solutions

3a) linear dependent b) linear dependent c) linear independent
4) a,, a, are linear independent and are thus a basis in the two-dimensional vector space.
a) =1 2,=0, b) 1,=0, 1,=1 ¢) 4,=-5, 1,=3

d  1,=3 Ai,=-1 e) 1,=-2, 1,=1

5) a,, a, and a, are linear independent and are thus a basis.

a)  A=1 1,0, 1,=0 b) 2,=0, A,=1 A,=0 ¢) A,=0, 2,=0, A,=1
d) A=1 A,=1 A,=1 &) A=Y, A,="24, 1=

N =24, A=% A=Y 0 A=%. =%, 4="%

6) r(A)=2

7 r(A)=1

8 r(A)=3

9 r(A)=1

100 r(A)=2

11) r(a)=1

12) r(a)=1

3.4 Systems of linear equations

Solve the linear-equation systems below by using ETB. Proceed in the following way:

- Write the linear equation systems as vectors!
(that means to determine the vectors a, , a, ,..., b)

- Create a starting table.
- Do the ETB by transforming much as many of the vectors a, into the basis

- Determination of r (A), r (A, b) and examination if the linear equation system is solvable
- If the linear equation system is solvable: Give the set of all solutions.
- If there are infinite solutions: Give the general solution and two specific solutions

1) 4x1 + 3%, =10 2) 2X1 +4X, =6 3) 2X1 +4X, =6
-X1 +5X,=9 4x, + 8%, =10 4Ax1 + 8x, =12
4) Xo+X3=3 5) X1 +2X3=2 6) X1+ 3X, +X3= 6
X1 +X3=3 X1+ Xo=3 X + 2X3 = -4
X1+ X=0 3X1 + X +X3=4 X1+ Xo=3
7) X1-2Xo+ X3+ X4=1 8) 2X1 - X2 + X3+ X4=1
X1 - 2Xo + X3- X4= -1 X1+ 2Xp - Xz + 4X4= 2
X1 - 2Xp + X3+ 5X4=5 X1+ 7Xo-4x3+ 11x4=1

20




9)

After two ETBs for the linear equation system

0 2 -2 -1

4 0 8 2

Xy =1] +X,{ =5 +X5{ 3 |+X,|-13|=| 4
0 4 —4 12 4

3 5 1 9 2

a, a, a_3 a, b

we got this table:

e, e, a a b
a, 1 0 2 -2 -1
— -1 3 1

3, ) %
-3 5 0 0 0

& ) %
e 2 -1 0 0 0
- -5 0 0 0

& % %

Give the set of all solution of this linear equations system.

10)  Give at least one linear equation system with 3 equations and 2 variables with the only
solution x; =2 and x, = -1.

Solutions

1) X1=1, Xy =2

2) no solution

3) X1=3-2Xy, X2€R arbitrary;
specific solutions: z.B. a) x2=0, x1=3, b) x,=4, x1=-5

4) X1=3-X3, X2=3-X3, XzeRarbitrary

5) X1 =0, Xz =3, X3=1

6) X1 =1, Xp =2, X3 =-1

7) X1=2X2-X3, X4=1, X2, X3€R arbitrary

8) no solution

9) X1=-1-2X3+2Xs X2=1+X3-3Xs X3, X4€R arbitrary
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3.5 The inverse of a matrix

Determine the inverse of each of the following matrices. Verify your solution by using matrix
multiplication.

. A—(l SJ
) A=,

1 3 2
2)  A=|2 5 3
-3 -8 -4

3) Notice: See exercise 1), chapter 3.4
A=
- -1 5

4) Notice: See exercise 5), chapter 3.4

e =)
_ o N

1
A=1
3

5) Notice: See exercise 6), chapter 3.4

>

Il
=

|
=L w
o N -

6) The matrix below is the inverse of the matrix B. Determine matrix B!

{4

7) Solve exercise 16) chapter 3.1 by using matrix inversion!
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Solutions

SN

N—
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3.6 Linear optimization

Solve the following linear optimization problem:

a)
b)

1)
2)

3)

4)

geometrically
arithmetically by using the simplex algorithm

max{xl+2x2‘xl+x2£ 1, 2x,-2X,<1, x,;20, X,= O}
max{2x1+x2‘— 2X,+X,<1, X;—2X,<1, X;20, X,> O}
max{5x1+3x2‘3xl+5x2£ 15, 5x,+2x,<10, x;=20, X,> O}

X;—X,<1
maxy X;+3X, [2X,;+X,<2, X;=20, Xx,>0
X;—X,> 0,

5)min{2x1—3x2|—3x1+x2£ 1, 2X,+X,<6, X,>0, X,> O}

X;+3X,<9
6) maxs X,;+X, [2X,—X,<2, x,20, x,>20
X, —2X,2> 2,
Solutions
1) We consider the maximum of function f to be in point x;=0, X,=1 with the value 2.
2) The set of feasible points is an unlimited convex polyhedron. There is no maximum
solution. ( Towards the objective function the set of feasible points is unlimited)
3) We consider the maximum of function f to be in point XF%, xzzg with the value
235
19
: : . L 2 2 . 8
4) We consider the maximum of function f to be in point x1=§ : X2:§ with the value 3
5) We consider the minimum of function f(x;, X2) to be in point x;=1, x,=4 with the value
-10.
6) The set of feasible points is empty, there is no solution.
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