3.2 Linear combination and linear independence of
vectors

3.2.1 Linear combination of vectors
Geometric interpretation of vectors

R2: Pairs of real numbers «—>points in  x,, x, -plane,

e oint 4
.g..-p 3

I )
vector x =
- |3

_—

directed distance (length, direction) also (g) (;j

(X2)
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combination: e.g. 2a + Elg
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R": n-tuples of real numbers points in a n-dimensional space

Vectors with the dimension n

+ structure:

e Multiplication with numbers
e addition
e additional characteristics

|

R": n-dimensional vector space

R - line, R? - plane, R® - space
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Definition:
If the vectors a,, -, a, e R" and k real numbers a4, --, oy are given,

k L L - .
the vector b=>" «a; a, is a linear combination of the vectors a,,---,a,
i=1

Examples:
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I

- linear combination ofe,, e,;

[
Il

—linear combinationof e,, e,, e,;

A W a2 W N

k-2

3
a =
- 1

x =2a+0,5b

2
B [ej We have:

x=Te, + e,

Linear equation system (LES)
2X1 - X2 +05x3 + x4 =64
X1 -2 X3 = 0
- X1 -2 Xg + X3 +3x4 = 10

Equivalent way of writing with a vector:
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2 -1 0,5 1 6,4

1 x4+| 0] Xo+|—-2| X3+[0| x4=| O

—1 -2 1 3 10
" e e e

a,'eR® a,'eR® a;&R® a,eR® DbER?®

The vector b is a linear combination of ay, ..., aa.

Way of writing as a matrix:

X4

2 -1 05 1 6,4
Xy

1 0 -2 0] - = 0
X3

-1 -2 1 3 10
X4

Coefficient matrix
A

>

X%
I

o
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3.2.2 Linear independence of vectors

We consider systems of vectors:

(1) a =@ 2 =G)

Does o existwith a;=a-a,? — No!

(The vectors are on different
lines)!

@ 2ol 2l ol

Is it possible to get a vector as linear combination of the other
vectors?

— Yes!

a; = 1.a; + 1a,

o

Definition:
The vectorsr":a,,...,a, cR" are called linear independent if

0=04-a4+0, 2y + ... + 0 -, always implies that

O =09 =.. =0 = 0,

otherwise they are called linear dependent.
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Remarks:

1)  The definition includes a condition which says that it is only
possible to express the nullvector as linear combination of the
vectors ay, ...

2) a4 .., a, arelinear dependent, if and only if there is at least one

vector «,, ie{l, ...k} with a, = 0,which can be expressed as linear

,a, In atrivial way.

combination of the other vectors.

3) A subset of linear independent vectors is also linear
independent.

Example: (1), (2) (see above)

Let k > n, then it holds: k-vectors out of R" (more than n vectors)

are always linear dependent.

The unit vectors

(1)
0

\0)

(0)
1
0

\0)

i-th coordinate

\0)

of R" are linear independent.
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