2.3 Multivariate functions
y=f(x)=f(x;..,X,): QcR" »R
Definite mapping of Q into R

(f) |

2.3.1 Examples, Continuity
e Yield function
e Graph of the function is displayable as curved surface for n=2
e Paraboloid y =x,* +x,°

e Obijective function in the fodder-mix modell:
minimal costs: 60x, + 45x, + 36x3 =f (X1,X5,X3)

IS a linear function
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Remarks concerning the continuity of functions

n=1

f(x) continous in x,. IS the distance of x and x, small, the distance of

f(x) and f(x,) IS small as well.

lim f(x)=f(x,)

X—> XQ

N>1 x=(X{,X5,.., X,)€R" x° = (xlo, xzo, xno) e R"

f(x)continous in x°: Is the distance of x and x° small, the distance of

f(x) and f(x°) IS small as well.

lim_f(x) =f(x")

X—>X

Concerning this, the distance of n-tuples is defined using the
Euclidean norm.

| x—x° u:=\/§ (x; =x2)°

Heuristics:n =1 Drawing of the curve without any break
n=2 ,Curved surface without any hole or crack®.
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2.3.2 Partial derivative

Gradient of the function in direction of the axes

Partial derivative:

Derivative of the function f (x) = f (x4, X», ..., X,;) With respect to one of

those variables in each case, whereby the other variables are
concerned as constants.

Also the definition of the partial derivative is done at first at the local
point x° eR" by using a limit:

fx9, o x?+h, ., x0) —f(x?, ..., x2, ...
h—0 h

0
' Xn) for i=1, ..., n.

N of o . oy
Designation: — also —f, —— respectively f_,f.

Geometrical interpretation:

Gradient of the function in direction of the axes.
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Geometrische Interpretation der
partiellen Ableitungen

)
a—f: (5’) = tan (%) Tangent plane f(x,,x,) f x°+m
N2 o Tangentialebene :
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2. Partial derivatives (Second order partial derivatives):

2
ot ‘= o [ as abbreviated form also f;;;
6Xi GXJ aXJ 1

This means that the partial derivative of the function with respect to
x;, is partially derivated again with respect to the variable x;.

Altogether there are n?second order derivative functions:

2f o°f o°f
aX% ’ aXl aXZ ’ - 5X1 aXn
o°f o°f o°f
6X2 axl axg’ .’ aXZ axn
o°f o°f %t
OX, OXy X, O,  ox2
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Example 1:

Example 2:

y = (X1, Xp) = X4° +X5°

i=2X1 ,—=2X2

f(X1,X2)=5+2x, +5x12 +8X 1 X5 + 71X +5x22

i=2'*':|.0X1‘*‘8X2 ,i=8xl+7+10X21

0X OX »

2 2
Lo 0 9T _g
O0X, OXq O0X, OX,

2 2
_o0 g 9T 49
OXo OXq OXo OXo
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2.3.3 Local extrema of multivariate functions

(1) One variable: xeR, y=1f(x),

we are looking for a local maximum respectively minimum of
the function f(x)

necessary condition: f'(x)=0,
sufficient condition: f”(x) < 0 local maximum

bzw.  f"(x) >0 local minimum.

(2) nvariables: (x4, X5, ..., X;) =X € R"
Definition:
The function f(x) has a local maximum( respectively minimum)

at an inner pointx® of the definition range if a real number
8 > 0exists with f(x) < f(x°) (respectively f(x)>f(x")) for every

x e R" with | x —x° | < 3.

Collective term: local extremum
{5 eR" | [ x-x°|< 8} is called an open sphere around x°eR"
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Local maximum/ Local Minimum

L(f) V(f)
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Necessary condition for relative extrema:

Theorem: If f(x) has a local extremum at point x° e R"and if all partial

derivativesﬂ exist at this point, than :—f x%°)=0 Vi=1..n.

OX; i

We consider n equations. The solutions of this system of equations
are called stationary points.

Furthermore let n = 2, that means we have two variables x,, x,.
So there is a geometrical interpretation of the necessary conditions:

the tangent plane of (x4, x,) at point x° = (x%, x9) is parallel to
the x,, x, —plain.

In this case, we also need a sufficient condition for the local
extremum.

Example: Saddle surface f(x;, x,) = X1 - X5
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Sattelflache f (X, X,) = X1¢ X2

Saddle surface
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Sufficient condition for a relative extremum:

Let f(x,,x,) be defined and continuous in a neighbourhood of a

stationary point x° = (x?, x9)and let us suppose that all first and

second partial derivatives exist and are continuous as well.

Theorem: f (x,x,) has a local minimum at the stationary point

° = (x?, x9) if

0°f

1) p=—92%" x°
(1) o, ox. x") -
and

o°f 0
(2) m(l ) > 0.

2

(_)—[

X, OX, X, OX,

2
(x )} >0

fD>0and -2 (x°) < 0, then f has a local maximum at x°.

X1 OX1q
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In Example 2 from section 2.3.2 we defined all first and second
partial derivatives for the function

The necessary condition is the linear equality system

7 +8x,+10x, =0.

The solution is the stationary point x° = (1, —g).

The sufficient condition is
(1) D=10.10-8°=36>0 and

o°f
OXq1 OX4

=10>0.

(2)

(1) makes sure there is a local extremum at point x°,

(2) shows that the local extremum is a local minimum.
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